ABSTRACT. We define an arrangement of pseudohyperplanes as an image of a topological sphere arrangement with appropriate intersections, and prove that the complement components are then homologically trivial. We apply this to extend a formula of Winder and Zaslavsky.
1. Introduction and main results. The Winder-Zaslavsky formula (equation (1.1) below) gives a concise expression for the number of regions induced by an arrangement of hyperplanes in terms of intersection degeneracies. We place this formula in a more general topological setting by considering a version which applies to certain families of topological spheres. We then define an arrangement of pseudohyperplanes in terms of topological spheres, and show that equation (1.1) continues to hold by showing that the components of the complement of the arrangement are homologically trivial.
Suppose A\,..., A k are subsets of a topological «-sphere. We will say that Ai,..., A*. have spherical intersections if, for any nonempty / Ç {1, ...,&}, the set Aj := fl/e/^* is either a single point or homeomorphic to a sphere of some dimension. (The empty set is a sphere of dimension -1.) This condition obviously holds for Euclidean spheres. If instead each A/ is a closed set having the same Cech cohomology as a sphere of some dimension, or the same cohomology as a point, we will say that the collection has spherelike intersections. If A/ has the cohomology of a sphere of dimension r > -1 we will define the corresponding degeneracy index di to be r -(n -|/|) and if A/ has the cohomology of a point we set d\ -oo. We set d$ -0.
A collection of hyperplanes in R n can be regarded, via stereographic projection, as a collection of (n -l)-spheres Ai,..., A k in S", having spherical intersections, and passing through the north pole N of S". The hyperplanes cut R n into P regions; in our notation we have
d\<OQ This is shown in [6] when the hyperplanes intersect in a point; [7] gives the general case. 
This theorem, in a bit less topological generality, follows from Theorem 6.1 of [8] , where dissection problems are treated comprehensively from a lattice theoretic viewpoint. We include a short direct proof in the next section. If each Ci has the homology of a point, i.e. H q (C() = 0 for all q, where H* is reduced singular homology, then x(Q) = 1 for each /, and (1. The hypothesis of this theorem corresponds to the geometric intersection property of [8] . Theorem 2 suggests that the assumption of cellular regions in [8, Theorem 3; 10, p. 70] is superfluous.
Classical enumeration formulas for regions cut by lines and hyperplanes can be derived from (1.1).
If A\,... ,A k have spherical intersections in S n , we say they are in general position if any I < n of them intersect in a topological sphere of dimension n -£, and the intersection of any I > n of them is empty. In this case, di -0 for |/| < n and dj = -1 -n + |/| for |/| > n. Using elementary binomial coefficient identities we get
(Note that M nJk = 2* for k < n + 1.) Moreover, when the A, are in general position, all components of S" \ \j\ Ai have the homology of a point (see [4] ) so M n>k gives the number of components. Actually, by [4] , M n £ is an upper bound for the number of components of S" \ \j\Ai for any A/'s with spherical intersections, and this upper bound is achieved if and only if the A/'s are in general position. To show that the upper bound is actually achieved it suffices to show that we can find k Euclidean spheres in general position. Take k large spheres whose centers are close together and in affine general position. By [1, Theorem 7] • The author thanks the referee for many valuable suggestions.
